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A B S T R A C T   A R T I C L E  I N F O  

This study investigates the dynamic behavior of a carbon credit investment system 
using nonlinear analysis, fractional-order modeling, and active control techniques. 
The analysis focuses on parameters associated with the demand for green 
investments and the impact of the carbon tax rate. System dynamics are 
characterized through bifurcation diagrams, phase portraits, time series, and 
Lyapunov exponents, enabling the identification of distinct dynamic regimes, 
including periodic and chaotic behaviors. To incorporate memory effects inherent 
in economic variables, fractional-order formulations based on the Riemann–
Liouville operator are employed, revealing that the order of the fractional derivative 
significantly influences the system's dynamics. To stabilize the system and suppress 
chaotic behavior, a linear controller of the Linear Quadratic Regulator (LQR) type 
and a nonlinear controller based on the State-Dependent Riccati Equation (SDRE) 
are designed. The results demonstrate that both strategies successfully drive the 
system toward desired equilibrium states while exhibiting low tracking errors. 
Furthermore, addressing scenarios where not all state variables are directly available 
for feedback, state observers are utilized to estimate unmeasured variables and 
supply the necessary information to the controllers. The findings provide a 
quantitative basis for understanding the complex dynamics associated with carbon 
credit investments and highlight the applicability of control strategies for system 
stabilization and the mitigation of undesirable dynamic behaviors. 
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1. INTRODUCTION

Initially conceived under the 1997 Kyoto Protocol, carbon credits were designed as an innovative market-
based mechanism to facilitate the trading of emission reductions between countries and corporations (Zhen et 
al., 2026). Since then, environmental policy has evolved significantly beyond traditional regulatory 
frameworks to embrace these instruments, positioning green credit initiatives at the core of global climate 
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finance, as documented by Okolo et al. (2026). Given the current urgency of mitigating greenhouse gas (GHG) 
emissions, these markets are now recognized as indispensable tools for achieving international sustainable 
development goals (Xu et al., 2023). 

Beyond mandatory frameworks, carbon credits have flourished in voluntary markets, serving a dual 
purpose: mitigating climate change while fostering corporate sustainability. However, their effectiveness and 
credibility remain contingent upon their integration into robust policy frameworks and transparent institutional 
structures, as emphasized by Cariappa et al. (2024) and Rigo et al. (2026). In this context, recent empirical 
evidence underscores the role of market-based environmental instruments in reducing emissions across diverse 
sectors. Notably, Zhang et al. (2025) demonstrate that green financial instruments, closely related in design to 
carbon pricing mechanisms, can significantly reduce the carbon emission intensity of enterprises, both at the 
macro level, through industrial structure upgrading and energy efficiency improvement, and at the micro level, 
by reshaping corporate investment behavior and reducing inefficient capital allocation. 

This intersection between environmental governance and financial logic becomes particularly salient when 
carbon is examined as an investable asset class, a framework formalized by Azlen et al. (2022), enabling a 
better understanding of how these markets can be leveraged to align environmental imperatives with economic 
objectives. Building on this perspective, Swinkels and Yang (2023) provide evidence that returns from the 
global carbon market offer meaningful diversification benefits for investors in conventional asset classes such 
as stocks, bonds, and commodities. The growing involvement of financial investors, multilateral institutions, 
and private capital markets in funding the energy transition further underscores the strategic role of finance in 
shaping sustainable development pathways (Xi et al., 2026). However, empirical tracking of climate finance 
flows in developing economies reveals a persistent gap between international pledges and capital disbursed, 
underscoring the practical fragility of these funding commitments (Verma, 2026). Extending this line of 
inquiry, Awuah et al. (2026) integrate economic attractiveness and carbon balances within a climate finance 
framework, offering actionable insights for navigating sustainable investment decisions, thereby bridging the 
gap between environmental accountability and capital allocation strategy. Yet, the very characteristics that 
render carbon markets financially attractive, their sensitivity to regulatory shifts, their exposure to global policy 
dynamics, and their dependence on environmental integrity, also make them inherently volatile and structurally 
difficult to predict. 

Indeed, investments in carbon credits occur within highly complex financial and environmental systems 
characterized by profound uncertainty, which poses a critical challenge for decision-support and asset 
management standards (Zambujal-Oliveira and Duque, 2026). Johansyah et al. (2026) emphasize that such 
chaotic dynamics manifest through the inherent unpredictability and volatility of economic variables, 
elucidating how minor perturbations can propagate into systemic crises and why arbitrage opportunities tend 
to arise and dissipate in an irregular, unpredictable manner. This perspective challenges neoclassical 
assumptions, according to which random instability, bubbles, and crashes are departures from rationality (Hu, 
2025). 

Building on this perspective, Gallegati and Gallegati (2025) argue that early economic approaches relied 
predominantly on linear models, interpreting fluctuations as minor deviations around a stable equilibrium state. 
Such frameworks, however, are applicable only to low-amplitude perturbations and fail to capture the complex, 
irregular, and aperiodic oscillations observed in real economies. Crucially, periodic systems follow regular, 
repeating cycles and are therefore highly predictable (Wang et al., 2011), whereas chaotic systems generate 
unpredictability through internal dynamics rather than external shocks (Chen, 2008). This distinction becomes 
particularly critical in carbon markets, where volatile tax regimes and evolving climate policies directly 
reshape the structural parameters of investment models (Zambujal-Oliveira and Duque, 2026). Carbon 
taxation, for instance, evolves through discrete, often unpredictable reforms rather than smooth, deterministic 
paths, creating incentive structures that static or continuously drifting fiscal models cannot capture. Beyond 
policy uncertainty, carbon credit markets are further subject to challenges in project execution, concerns over 
greenwashing, risks of non-equivalent credit generation, difficulties in emissions measurement, and the use of 
inflated baselines (Cariappa et al., 2024). Within such a framework, even small variations in initial conditions 
can be amplified through nonlinear dynamics, resulting in disproportionate and unpredictable outcomes, 
features that should be treated not as anomalies but as intrinsic properties of the system, underscoring the need 
for nonlinear analytical approaches over equilibrium-based models. 

David et al. (2016) further emphasize that the complex behavior of real-world systems requires accurate 
historical modeling, as initial conditions and even small stochastic perturbations along a trajectory can 
substantially influence outcomes. Similarly, Cheng et al. (2013) argue that fluctuations in past financial 
variables are directly correlated with present and future volatility. In this context, the long-memory and 
hereditary properties inherent in economic variables make fractional-order models (Agathiyan et al., 2025) 
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particularly suitable for investigating the dynamic behavior and historical dependencies of financial systems. 
Adopting a deterministic chaotic framework rather than a stochastic paradigm addresses a fundamental 

debate in nonlinear financial literature regarding whether the irregular dynamics of environmental-economic 
systems stem from low-dimensional deterministic chaos or high-dimensional stochastic processes (Vogl, 
2022). Although stochastic models remain the dominant convention for characterizing financial fluctuations, 
they are primarily descriptive rather than explanatory: they capture statistical signatures without uncovering 
the internal mechanisms generating such behavior. In contrast, deterministic chaotic models offer a structural 
perspective, demonstrating how sensitive dependence on initial conditions within a small set of nonlinearly 
coupled state variables can endogenously produce aperiodic, unpredictable trajectories without relying on 
exogenous random shocks (Chen, 2008). 

Comparative empirical evidence demonstrates that low-dimensional deterministic representations can 
reproduce the qualitative features of financial irregularity at least as effectively as refined stochastic 
benchmarks, while providing superior interpretability and analytical tractability (Orlando and Zimatore, 2020; 
Ahmadi et al., 2022). This structural tractability is central to the core objectives of the present study: the 
fractional-order formulation embeds long-memory properties directly through the order of differentiation 
rather than through an external noise term, while the deterministic state-space framework enables the synthesis 
of active feedback control strategies based on Jacobian linearization and Riccati equations. 

Expanding on the work of Liao et al. (2020), subsequently analyzed by Tusset et al. (2023), this study 
applies the mathematical model proposed by those authors to investigate a carbon credit investment system. 
To the best of our knowledge, previous studies have not systematically explored the influence of parameters d 
and h on the system's dynamics. This study addresses that gap by providing a more comprehensive and rigorous 
characterization of the system's nonlinear dynamics, focusing on the identification of periodic and chaotic 
regimes. To this end, dynamic analysis tools, as discussed by Farooq et al. (2025), are employed, including 
phase portraits, bifurcation diagrams, time series, and the calculation of Lyapunov exponents. 

In addition to characterizing the system's dynamics, this study introduces a feedback architecture capable 
of acting directly on the model's variables to modify and stabilize its dynamic behavior. Initially, a Linear 
Quadratic Regulator (LQR) controller is developed, designed based on system linearization and the solution 
to the algebraic Riccati equation, aiming to suppress chaotic behavior and drive state variables toward desired 
equilibrium values. Subsequently, to better account for the system's nonlinear characteristics, a controller based 
on the State-Dependent Riccati Equation (SDRE) is developed. Unlike the LQR, the SDRE allows the gain 
matrix to be determined as a function of the system's current state, enabling control action adapted to the 
nonlinear dynamics along the trajectory. 

Furthermore, the study considers scenarios where not all state variables are directly available for feedback. 
In such cases, state observers are incorporated to estimate unmeasured variables and provide the necessary 
information to the LQR and SDRE controllers. A parametric sensitivity analysis is also conducted, accounting 
for uncertainties in model parameters, to evaluate the robustness of the control strategies against variations in 
system parameters. Thus, the combination of parameter characterization (parameters d and h), chaotic 
dynamics analysis, LQR and SDRE control strategies, state observers, and parametric sensitivity analysis 
enhances the understanding of the carbon credit investment system's dynamics and enables a quantitative 
assessment of the proposed strategies ability to stabilize the system, even in the presence of unmeasured states 
and parametric uncertainties. 

The remainder of this article is organized as follows. Section 2 presents the mathematical model and the 
analytical framework adopted, covering the integer-order formulation, its extension to fractional order based 
on the Riemann–Liouville operator, as well as the design of the Linear Quadratic Regulator (LQR) and State-
Dependent Riccati Equation (SDRE) controllers and the state observer. Section 3 presents and discusses the 
numerical results, including bifurcation diagrams, Lyapunov exponent maps, the analysis of fractional-order 
dynamics, and the performance of the proposed LQR and SDRE control strategies. Tracking errors associated 
with the use of observer-estimated states and the presence of parametric variations are also evaluated. Section 
4 draws the main conclusions and outlines directions for future research. 
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2. METHODOLOGY 

2.1. MATHEMATICAL MODEL 

The financial system examined in this study is represented by a mathematical model with three degrees of 
freedom, originally proposed by Liao et al. (2020) and expressed by Equation (1).  

 

 

(1) 

 
The model captures the interaction among the carbon tax rate (x1), the green investment demand (x2), and 

the carbon price index (x3). Parameter (a) represents the value of savings; (b) denotes the cost of green 
transition investment; (c) corresponds to the natural adjustment rate of the carbon price index (x3), reflecting 
the market's tendency to correct price deviations; and (d) measures the impact of green investment demand 
(x2) on the carbon price index (x3). Parameter (e) reflects the natural growth rate of green investment demand 
(x2); (f) represents the coefficient of variation of the carbon tax rate (x1) depending on the carbon price index 
(x3); (g) denotes the sensitivity coefficient of the carbon price index (x3) to the carbon tax rate (x1); and (h) 
captures the effect of the carbon tax rate (x1) on green investment demand (x2).  

The bifurcation diagrams with the peak displacements and the largest Lyapunov exponents were obtained 
using the algorithms described by Tusset et al. (2023).   

2.2. DYNAMICAL ANALYSIS IN FRACTIONAL ORDER 

As discussed by David et al. (2016), financial and economic variables exhibit long memory. In this context, 
Agathiyan et al. (2025) underscore that whereas integer-order models are structurally limited in capturing 
historical effects, fractional-order formulations explicitly embed memory of prior states. Furthermore, Tusset 
et al. (2022) highlight the application of this fractional-order perspective across a wide range of fields, thereby 
rendering fractional calculus a particularly suitable framework for analyzing the dynamic behavior of 
economic systems.  

To analyze the dynamics of system (1) in fractional order, the Riemann-Liouville operator will be 
considered, as presented in Equation (2) (Petras, 2011; Li, 2023; Tusset et al., 2023):  

 

 (2) 

 
Where , i.e.,  is the first integer not less than . It is readily verified that this definition reduces 

to the classical derivative when . The case  is of particular importance. Nevertheless, there are 
also relevant applications for . Without loss of generality, it is assumed throughout this work that 

.  
The system (1) in fractional order is described by Equation (3): 
 

 (3) 

 
where , its order is denoted by  here. 

The fractional-order dynamics are investigated numerically using the algorithm proposed by Petras (2011). 
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2.3. DYNAMICAL ANALYSIS WITH THE INCLUSION OF CONTROL 

2.3.1. LINEAR QUADRATIC REGULATOR (LQR) 

According to Dörfler et al. (2022), the Linear Quadratic Regulator (LQR) is highly effective at mitigating 
system uncertainties and disturbances by optimizing performance metrics. Building on this well-established 
framework, the LQR is employed here to suppress the chaotic behavior of system (1), aiming to stabilize the 
system response and ensure robust performance in the presence of inherent noise and disturbances. Introducing 
the control signal in the system (1): 

 

 (4) 

 
The desired trajectory tracking errors are defined as: 
   

                                                                     (5) 

 
where: ,  and  are the desired states.   

Substituting Equation (5) into Equation (4), the system can be represented as: 
 

 (6) 
 
where: A is the linearized state matrix obtained from the Jacobian matrix evaluated at the desired equilibrium. 

The system (6) can be represented in the following matrix form: 
 

 (7) 

 
The control  is optimal and is given by: 
 

 (8) 
 
Where:  is the symmetric matrix and can be found from the algebraic Riccati equation: 
  

 (9) 
  
The control (8) minimizing the functional: 
 

 (10) 

 
According to Tusset et al. (2023), for matrices  and , a positive definite symmetric matrix, the 

matrices  and  of the system (8) are represented by:  
 

 and  (11) 
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2.3.2. STATE-DEPENDENT RICCATI EQUATION CONTROL (SDRE) 

The State-Dependent Riccati Equation (SDRE) technique, initially introduced in Çimen (2007) and further 
developed in Nekoo (2022), provides a systematic approach for designing nonlinear state-feedback controllers. 
The method reformulates the nonlinear system by representing its dynamics through a state-dependent 
coefficient matrix multiplied by the system state vector. By adopting this representation, the nonlinear 
characteristics of the plant can be incorporated directly into the control design while maintaining the Riccati-
based formulation commonly associated with linear-quadratic optimal control. An additional advantage of the 
SDRE framework is the possibility of selecting weighting matrices as functions of the system states, providing 
greater flexibility to balance control performance, stability, and robustness according to the specific 
requirements of the application (Nekoo, 2022). 

Considering the system with control (Equation 4), represented by the errors (Equation 5), we have system 
(4) represented in the following form: 

 

  (12) 

 
Considering the system (5) in the following form: 
 

 (13) 

where G represents the terms that do not depend on the states and can be eliminated by considering the 
inclusion of a feedforward control  (Tusset et al., 2016). Including feedforward control ( ) in the 
system (13), we have the following system with feedback control: 
 

 (14) 

 
The control  is sub-optimal and is given by: 
 

 (15) 
 
Where: depends on the states ei, with i=1:3, and is the symmetric matrix and can be found from the 

algebraic Riccati equation: 
  

 (16) 
  
The control (15) minimizing the functional (10). 

2.4. CONTROL ACCOUNTING FOR OBSERVED SPACES 

Considering cases where states x1, x2, and x3 are unavailable and need to be estimated, one could consider 
including state observers in the system and using the estimated states for control. 

 

 (17) 

where y is the system output with the available states, and C is the output matrix. 
Assuming that the state  can be approximated by the state , such that (Tusset et al., 2013): 
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 (19) 
 
The matrix Ko can be obtained by considering the optimal feedback gain given by (Banks et al., 2003): 
 

 (20) 

Where:  and is obtained from the equation: 
 

 (21) 
The cost function is given by: 

 (22) 

The matrix Ko is updated at each integration step when using SDRE control and is constant when using 
linear control. 

 

3. RESULTS AND DISCUSSION 

3.1. DYNAMIC ANALYSIS 

This section presents the dynamic analysis of system (1). Numerical simulations of the system were 
performed using the MATLAB® ODE45 solver, based on the explicit fourth- and fifth-order Dormand–Prince 
Runge–Kutta method with adaptive step-size control (h = 0.01), implemented on an Intel i7 processor (3.20 
GHz, six cores) with 32 GB of RAM, using the following parameters: a = 0.3, b = 0.01, c = 1, e = 2.58, f  = 
2.1, g = 1, and 𝑑 = [0.01: 1] and ℎ = [0.02: 0.2], with initial conditions x1(0) = 0.2, x2(0) = 0.5 and x3(0) = 0.6.  

Figure 1 shows the bifurcation diagrams for the state peaks ( ), for the parameter ranges 𝑑 = [0.01: 1] and 
ℎ = [0.02: 0.2] investigated in this work. The state ( ) was considered in the analysis, as it represents the 
carbon tax rate and thus plays an essential role in the investment process. 

 

 
  (a)                                                                               (b) 

Figure 1. Bifurcation diagrams. (a)  𝑑 = [0.01: 1] versus . (b) ℎ = [0.02: 0.2] versus .  

Whereas parameter d governs transitions between chaotic and periodic regimes, parameter h does not alter 
the qualitative nature of the dynamics; its primary effect is on the amplitude of state variable x₁. 

According to Al Dowais (2023), Lyapunov exponents quantify the average exponential rates at which 
neighboring trajectories diverge or converge, revealing the growth or decay of small perturbations. As 
Adenutsi (2025) stated, a system is chaotic when at least one Lyapunov exponent is positive, indicating high 
sensitivity to initial conditions. In contrast, a negative Lyapunov exponent implies that nearby trajectories stay 
close or converge, thereby indicating system stability. A zero exponent denotes periodic or semi-periodic 
behavior, meaning that trajectories maintain a constant separation over time.  

 

! !!" #$ B !& ' () B !*)

! !
!

!"# $ %C'
!!

!" "" " " "
! =

!" #AB CBA!A'( ) AC* +

!

" " " "# $! !" #$
∞

= ∫ ! !" # "$% & %

!!

!!

!! !!



Krzyuy et al. Global Decarbonisation (2026) 154-174 
 

161 
 

 

  
(a)                                                                               (b) 

Figure 2. (a) Largest Lyapunov exponent   versus . (b) Largest Lyapunov exponent  for
. 

As shown in Figure 2, the system exhibits periodic behavior for d<0.61 and chaotic behavior for d>0.61.  
These qualitative dynamical signatures are not confined to the parameter space explored in Figure 2. 

Independent empirical studies of the EU ETS carbon market, analyzed from a nonlinear dynamics perspective, 
report a positive and large maximal Lyapunov exponent for observed European Union Allowance (EUA) price 
series, characterizing the market itself as "mildly chaotic" and exhibiting both market and fractal features (Feng 
et al., 2011), consistent with the chaotic regime obtained here for d > 0.61, where the largest Lyapunov 
exponent likewise turns positive. Complementary evidence from the spot–futures relationship during Phase II 
of the EU ETS further shows that carbon allowance returns are linked asymmetrically and nonlinearly (Benz 
and Trück, 2009; Chevallier, 2011), reinforcing the presence of genuine nonlinear structure in real carbon 
markets. Taken together, these independent empirical findings lend external plausibility to the chaotic regimes 
identified analytically for the present model. 

Figure 3 presents the time histories and phase diagrams for parameters a = 0.3, b = 0.01, c = 1, d = 0.05, e 
= 2.58, f = 2.1, g = 1 and h = 0.1. These values are used throughout the remainder of the paper. 

 
                                                    (a)                                                          (b) 

 
                                                    (c)                                                         (d) 
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                                                    (e)                                                          (f) 

 
(g) 

Figure 3. (a) Time histories of the state ; (b) Time histories of the state ; (c) Time histories of the state . (d)  
Phase diagram  versus ; (e) Phase diagram  versus  ; (f) Phase diagram  versus  ; (g)  Phase diagram 
versus  versus  . 

As shown in Figure 3, the system exhibits chaotic behavior under the selected parameter values, which is 
highly undesirable for economic forecasting and investment planning.     

3.2. DYNAMIC ANALYSIS OF THE SYSTEM IN FRACTIONAL ORDER 

To assess the influence of memory effects on the system’s behavior, the dynamics are analyzed in fractional 
order, thereby incorporating the hereditary properties of economic variables. Figure 4 presents the system 
states for different values of the fractional derivative order, with  considered in the 
simulations.  

 

 
  (a)                                                                               (b) 

 
  (c)                                                                               (d) 
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  (e)                                                                               (f) 

 
  (g)                                                                               (h) 

 
  (i)                                                                               (j) 

Figure 4. Time histories of the state and Lyapunov exponent, respectively. (a and b) ; (c and d) ; (e and 
f) . (g and h)  ; (i and j) . 

As observed from the results presented in Figure 4, the system transitions to periodic behavior for q<0.99, 
returning to chaotic behavior for . Table 1 presents the variation of the three Lyapunov exponents for 
different values of the derivative order. 

 
Table 1. Lyapunov exponents for variations in the order 

Lyapunov exponents      
 -0.7860 -0.2053 -0.0029 0.0821 0.1937 
 -4.0039 -0.8480 -0.1182 -0.0467 -0.0354 
 -10.0176 -3.0817 -1.9593 -1.2213 -1.1946 

 
As depicted in Table 1, the largest Lyapunov exponent becomes positive for q = 0.99, confirming chaotic 

behavior and demonstrating that the system’s memory structure exerts a substantial influence on carbon credit 
economic forecasts, confirming that historical states and past outcomes exert a direct and persistent influence 
on its present and future dynamics. 
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As observed in Table 1, the system exhibits a transition from periodic to chaotic behavior as the fractional 
order varies from q = 0.95 to q = 0.99. To investigate the influence of the fractional order in greater detail, 
both individually and through the interaction between different orders, the system's behavior will be analyzed 
considering the combination of orders q = 0.95 and q = 1. 

The variations in state behavior and the Lyapunov exponent are presented in Figure 5. 
 

 
  (a)                                                                               (b) 

 
  (c)                                                                               (d) 

 
                                             (e)                                                                               (f) 

 
                                             (g)                                                                               (h) 
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                                             (i)                                                                               (j) 

 
                                             (k)                                                                               (l) 

Figure 5. Time histories of the state and Lyapunov exponent, respectively. (a and b)  and ; (c 
and d)  and ; (e and f)  and . (g and h)   and ; (i and j) 

and . (k and l) and . 

Analysis of the results presented in Figure 5 indicates that the simultaneous variation of the fractional orders 
associated with variables x1 and x3 exerts a more significant influence on the system's dynamic behavior. It is 
observed that, for q1 = q3 = 0.955 and q2 = 1, the system exhibits periodic behavior, demonstrating that the 
introduction of different fractional orders can significantly alter its dynamics. This result also suggests that the 
variables associated with q1 and q3 exert a significant memory effect on the system's evolution. 

Table 2 presents the Lyapunov exponent values obtained for different combinations of fractional orders, 
considering q = 0.95 and q = 1. This analysis allows for a more detailed assessment of the fractional order's 
influence on the system's dynamics, as well as the identification of possible transitions between periodic and 
chaotic regimes. 

 
Table 2. Lyapunov exponents for variations in the order q1, q2 and q3.  

Lyapunov exponents  
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 
 

 0.0730 0.0685 0.1187 0.0215 -0.0217 0.0184 
 -0.1256 -0.0960 -0.1688 -0.1463 -0.0933 -0.1046 
 -1.2127 -1.0408 -1.7559 -1.2181 -1.9342 -1.7513 

 
As observed in Table 2, only one of the evaluated combinations results in periodic system behavior. For 

the remaining combinations, the integer order q = 1 prevails, keeping the system in a chaotic regime. This 
result demonstrates that the interaction between different fractional orders can play a significant role in the 
system's dynamics; the specific combination leading to the periodic regime suggests that memory effects 
associated with fractional orders can be decisive in altering dynamic behavior. 

! "#$%! = ! " #$%&! != =

! " !! != = ! "#$%! = ! " !! != = ! "#$%! = ! " #$%&! != = ! "! =

! " #$%&! != = ! "! = ! !! = ! " #$%&! != =

! "#$%! =

! "! =

! "! =

! !! =

! "#$%! =

! "! =

! !! =

! "! =

! "#$%! =

! "#$%! =

! "#$%! =

! "! =

! "#$%! =

! "! =

! "#$%! =

! !! =

! "#$%! =

! "#$%! =

!λ

!λ

!λ



Krzyuy et al. Global Decarbonisation (2026) 154-174 
 

166 
 

 

3.3. DYNAMIC ANALYSIS OF THE SYSTEM WITH THE INCLUSION OF CONTROL 

3.3.1 CONTROL USING THE LQR CONTROLLER 

By incorporating the proposed control (8), the desired states are initially defined as the root-mean-square 
(RMS) averages of the uncontrolled states x1, x2, and x3 ( ,  and ). This choice 
constitutes a control-theoretic feasibility benchmark rather than a policy prescription: because the RMS value 
represents the system's own long-run energetic average under chaotic oscillation, using it as the target 
demonstrates that the proposed LQR architecture can convert an intrinsically unpredictable trajectory into a 
stable, self-consistent equilibrium, independently of any external assumption about which equilibrium is 
economically or environmentally optimal. The question of which equilibrium should be targeted in practice is 
a distinct, policy-oriented problem.  

The same control architecture developed in Section 2.3 is directly compatible with policy-anchored desired 
states, for instance, a carbon-price stability threshold analogous to the intervention price used by market-
stabilization mechanisms in the EU Emissions Trading System, or investment-demand targets derived from 
sectoral decarbonization benchmarks. Translating such benchmarks into numerical targets for the present 
model, however, requires the states x1, x2, and x3, to first be calibrated against empirical carbon market data. 
The RMS-based demonstration presented below should therefore be interpreted as establishing the 
mathematical viability of the control strategy, which can subsequently be re-parameterized with policy-derived 
targets once the model is empirically calibrated. 

To evaluate whether the matrix (A), obtained through the linearization of the system, provides a controllable 
model for the parameters under consideration, the controllability matrix Mc is used. Analyzing this matrix 
makes it possible to determine whether the system can be driven from an initial state to any desired state 
through the action of the control input. Applying the controllability matrix Mc: 

 
 (23) 

 
The rank of matrix Mc is 3, demonstrating that the linearized system is controllable. Furthermore, the 

positive-definite matrices Q and R are defined as: 
 

 and  (24) 

                                                                                                      
The selection of matrices Q and R was aimed at prioritizing the reduction of state variable tracking errors. 

The chosen Q matrix assigns high weight to deviations from reference states, while the R matrix imposes a 
low penalty on control effort. Consequently, the controller prioritizes system stabilization and the suppression 
of chaotic behavior, allowing for more intense control actions when necessary. The six-order-of-magnitude 
difference between the weights of Q and R reinforces this priority. Furthermore, the diagonal structure and 
equal weights avoid assigning greater importance to any specific economic variable. Thus, the adopted 
configuration ensures uniform weighting of the states and facilitates driving the economic variables toward the 
desired equilibrium values. 

Considering the parameters: a = 0.3, b = 0.01, c = 1, d = 0.05, e = 2.58, f = 2.1, g = 1, h = 0.1, and desired 
states ,  and . We have matrices A and P: 

 

 and  (25) 

 
Considering matrices A, B, Q, R, and P, we obtain the control gain matrix K: 
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 (26) 

 
Replacing the gain (14) in the control (8), we obtain the following control signals:  
 

 (27) 

 
 
Figure 6 illustrates the system response without and with control (8). 
 

 
  (a)                                                                               (b) 

 
  (c)                                                                               (d) 

 
  (e)                                                                               (f) 

Figure 6. Application of LQR control. (a and b) Time histories of the state and ; (c and d) Time histories 
of the state  and ; (e and f) Time histories of the state  and .  

As demonstrated in Figure 6, the proposed LQR control effectively drives all state variables to their desired 
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equilibrium values. Prior to control activation, the system exhibits persistent chaotic oscillations; once the 
control is engaged, convergence across all states is observed. The tracking performance is confirmed by the 
low RMS errors obtained: ,  and , indicating that the controller is 
mathematically capable of suppressing the chaotic dynamics of the system. It is important to emphasize that 
this result establishes the theoretical stabilizability of the system rather than its operational controllability in a 
real policy setting.  

3.3.2 CONTROL USING THE SDRE CONTROLLER 

By employing the SDRE nonlinear controller, the aim is to preserve the system's nonlinear dynamic 
characteristics, thereby avoiding the loss of information inherent in the linearization process. Thus, unlike the 
linear LQR controller, whose formulation relies on a linearized model, the SDRE allows for the inclusion of 
state dependencies in the system representation, offering a more suitable approach for controlling nonlinear 
systems. 

The SDRE technique to obtain a suboptimal solution for the dynamic control problem has the following 
procedure (Tusset et al., 2016): 

 
1. Define the state-space model with the state-dependent coefficient as in Equation (14); 
2. Define , so that the rank of Mc (Equation (23)) is n and choose the coefficients of weight matrices 

Q and R; 
3. Solve the Riccati equation (16) for the state ei; 
4. Calculate the input signal from Equation (15). 
5. Integrate the system (Equation (14)) and update the state ei with these results. 
6. Calculate the rank of Equation (23). If the rank equals 3, return to step 3. If the rank is less than 3, matrix 

A(e) is not controllable; in this case, the last controllable matrix A(e) obtained should be used, and the 
procedure returns to step 3. 

  
Figure 7 presents the results obtained for the system described by Equation (14), considering the cases 

without control and with the application of the SDRE controller, whose control law is defined by Equation 
(15). This comparison allows for an assessment of the controller's influence on the system dynamics and its 
ability to modify the behavior observed in the uncontrolled regime. 

 
 

 
  (a)                                                                               (b) 
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  (c)                                                                               (d) 

 
  (e)                                                                               (f) 

Figure 7. Application of SDRE control. (a and b) Time histories of the state and ; (c and d) Time histories 
of the state  and ; (e and f) Time histories of the state  and .  

As shown in Figure 7, the proposed SDRE controller effectively drives all state variables to their respective 
desired equilibrium values. Prior to the application of control, the system exhibits persistent chaotic 
oscillations; following controller activation, the states are observed to converge to the reference values, 
demonstrating the SDRE's ability to stabilize the system dynamics. Tracking performance is corroborated by 
the low RMS error values obtained ,  and , indicating that the 
controller is capable of effectively suppressing chaotic behavior and driving the system to the desired regime. 

As observed with the LQR controller, it is important to note that these results demonstrate the stabilizability 
of the mathematical model under the conditions and parameters considered. However, this property should not 
be interpreted as evidence of operational controllability in a real-world carbon credit policy scenario, where 
economic, regulatory, and institutional factors, as well as market-related uncertainties, can significantly 
influence system dynamics. 

3.3.3 CONTROL USING STATE OBSERVER SIGNALS 

Considering situations where the states x1, x2, and x3 are not directly available for feedback and therefore 
require estimation, state observers can be incorporated into the system, using the estimated states in the control 
law. This study considers the scenario in which only the carbon tax rate, x1, is available for measurement and 
feedback. Thus, the variables associated with green investment demand, x2, and the carbon price index, x3, are 
estimated using state observers, as presented in Section 2.4. 

Figure 8 shows the tracking errors obtained by the LQR and SDRE controllers when the estimated states x2 
and x3 are used. For this analysis, the output matrix considered is: 

 
 (28) 

 
The choice of the output matrix (Equation 28) results in the observability matrix (Equation 29) having a rank 
of 3, ensuring that the system is completely observable. 
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 (29) 

 
The choice of matrix C represents the exclusive availability of variable x1 for measurement, while x2  and x3 
are reconstructed by the state observer and subsequently used for controller feedback.  

To ensure equivalent comparison conditions between the control strategies, the following weighting matrices 
are considered:  
 

 and  (30) 

 
And considering the initial conditions for the observer: ,  and . 
 

 
  (a)                                                                               (b) 

Figure 8. Errors ,   and , for the case where states x2 and x3 are obtained by 
the state observer. (a) LQR control error. (b) SDRE control error.  

Table 3 presents the RMS errors obtained for each state variable, comparing controller performance when 
all states are directly available for feedback with that obtained when x2 and x3 are estimated by the state 
observer. This comparison allows for an assessment of the impact of using estimated states on the performance 
of the LQR and SDRE controllers. 
 
Table 3. Control errors for the case where states x2 and x3 are estimated by a state observer.  

Error    
LQR 0.000519 0.0007519 0.0001273 

SDRE 0.000518 0.0007518 0.0001270 
 
As observed in Figure 8 and Table 3, the tracking errors obtained with the LQR and SDRE controllers are 

very close to one another, indicating that the adopted linearization preserves the system's key dynamic 
characteristics within the operating region considered. Furthermore, the tracking errors remain low, with values 
on the order of 10-3. These results demonstrate that, even when using states estimated by the observer, both 
control strategies exhibit satisfactory performance, with negligible differences in terms of tracking precision. 

3.3.4 ROBUSTNESS ANALYSIS FOR PARAMETER UNCERTAINTIES  

Often, due to inherent limitations in process knowledge, the mathematical models adopted fail to accurately 
represent all characteristics of the system's actual dynamics. Consequently, control system performance may 
be compromised, as the design parameters are subject to modeling errors and uncertainties. In this context, 
parametric uncertainties refer to the discrepancies between the actual system parameter values and those 
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assumed in the mathematical model. Furthermore, external disturbances and variations in operating conditions 
can cause changes in the parameters actually observed during system operation. 

To evaluate controller robustness in the face of these uncertainties, it is assumed that model parameters are 
subject to random variations of up to ±20% relative to their nominal values. This approach makes it possible 
to assess the controllers' ability to maintain adequate performance even in the presence of parametric 
uncertainties and variations linked to external conditions that may affect system dynamics. Thus, the 
parameters used in the simulations are defined as follows: , , 

, , , ,  

and , where r(t) is a random number r(t)=(0, 1), with continuous uniform distribution. 
Figure 9 shows the control errors caused by obtaining the control for parametric variations in the state 

matrix A. 
  
 

 
  (a)                                                                               (b) 

Figure 9. Errors ,   and .  (a) LQR control error. (b) SDRE control error.  

Table 4 presents the RMS errors obtained using variable parameters in matrix (A) to evaluate the 
performance of the LQR and SDRE controllers in the presence of parametric uncertainties. This analysis allows 
for a comparison of the sensitivity of both control strategies to variations in model parameters and an 
assessment of their ability to maintain satisfactory performance despite the uncertainties considered. 

 
Table 4. Control errors for the case of parametric uncertainties.  

Error    
LQR 0.0145  0.000699 0.00835 

SDRE 0.0144 0.000665 0.00843 
 
As observed in Figure 9 and Table 4, the tracking errors obtained by the LQR and SDRE controllers are 

very close to one another, indicating that parametric variations affect both control strategies in a similar 
manner. Despite the presence of parametric uncertainties, the tracking errors remain low, demonstrating that 
both controllers maintain satisfactory performance in the face of the considered variations. Furthermore, the 
differences between the two strategies are negligible in terms of tracking precision, indicating similar behavior 
regarding sensitivity to parametric uncertainties. 

4. CONCLUSIONS 

This study investigated the dynamics of a carbon credit investment system using nonlinear analysis and 
fractional-order modeling. Results regarding bifurcation and Lyapunov exponents identified periodic and 
chaotic regimes, with a transition to chaos occurring at d > 0.61, while the parameter h maintained the system 
in a chaotic state across the analyzed range. The fractional order q also significantly influenced the dynamics, 
driving transitions between periodic and chaotic regimes near q = 0.99. Additionally, the simultaneous 
variation of the orders associated with x1 and x3 exerted a significant influence, highlighting the importance of 
memory effects on the system's dynamics. 
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Based on this dynamic characterization, the Linear Quadratic Regulator (LQR) and State-Dependent 
Riccati Equation (SDRE) controllers proved mathematically effective in suppressing chaotic behavior and 
driving the system to desired equilibrium states, yielding low RMS tracking errors. A comparison of the 
strategies revealed negligible differences in error, indicating that the linearization employed in LQR adequately 
preserved the system's key dynamic characteristics. Furthermore, both controllers demonstrated similar 
robustness when subjected to estimated states and parametric variations. However, the computational cost of 
LQR was approximately 98% lower than that of SDRE, as LQR utilizes a constant gain, whereas SDRE 
requires the gain to be updated based on the state during simulation. 

It is important to highlight that the results establish the theoretical stabilizability of the system, 
demonstrating the existence of feedback laws capable of suppressing chaotic behavior under the conditions 
considered. However, the proposed controllers are formulated in continuous time and assume the availability 
of state variables and continuous control signal actuation, conditions that may impose limitations on their direct 
implementation in real-world carbon markets, where regulatory and economic decisions are made discretely 
and are subject to institutional, operational, and market constraints. Thus, the results should not be interpreted 
as a control strategy ready for implementation, but rather as a mathematical framework capable of providing 
relevant insights into stability, parametric sensitivity, and stabilization mechanisms. In this regard, the 
proposed methodology can contribute to the future development of discrete control strategies applicable to 
real-world scenarios, assisting policymakers and market participants in understanding and managing the 
complexity and volatility of carbon markets. 

Future research could extend the model by calibrating parameters using real time series from carbon markets, 
enabling quantitative validation. Incorporating stochastic disturbances and time delays could more realistically 
represent market uncertainties and lags. Stochastic models and control strategies, such as LQG, could be 
employed to assess controller robustness. Additionally, techniques such as sliding mode control and model 
predictive control (MPC) could be investigated. These extensions would allow for the comparison of different 
strategies regarding performance, robustness, and computational cost. 
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